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Abstract 
A general graph polynomial P(G, x) is introduced. It is proved that 
-$G,x) = 1 P(G - u,x). 
UE V(G) 
Special cases of this result are the previously reported first-derivative formulas for a number of 
graph polynomials: characteristic, matching, independence, clique polynomials, etc. 
In the study of a large number of problems in theoretical chemistry it proved to be 
very convenient o employ graph polynomials, such as matching polynomial, inde- 
pendence polynomial and characteristic polynomial, etc, see [ 1,2,4,5] and the refer- 
ences therein. 
Let G be a (molecular) graph with n vertices and m edges. The vertex set of G is denoted 
by V(G). Two vertices (edges) of G are said to be independent if they are not adjacent. 
The kth matching number of G is denoted by m(G, k). By the definition, for k > 2, 
m(G, k) is equal to the number of ways in which k pairwise independent edges can be 
selected in the graph G. In addition to this, m(G, 0) = 1 and m(G, 1) = m. 
The kth independence number of G is denoted by n(G, k). By the definition, for 
k >, 2, n(G, k) is equal to the number of ways in which k pairwise independent vertices 
can be selected in the graph G. In addition to this, n(G, 0) = 1 and n(G, 1) = n. 
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The kth clique number c(G, k) of G is defined to be the number of ways in which 
k pairwise adjacent vertices can be selected in the graph G (k 2 2). In addition to this, 
c(G, 0) = 1, c(G, 1) = n; note that c(G, 2) = m. 
1. The matchings polynomial is de$ned as 
a(G, x) = c (- l)km(G, k)~“-‘~, 
k,O 
where m(G, k) is the kth matching number of G. 
2. The independence polynomial is dejined as 
w(G, x) = c (- l)kn(G, k)xSek, 
k,O 
where n(G, k) is the kth independence number of G. 
3. The characteristic polynomial is dejned as 
cp(G, x) = det(xZ - A(G)), 
where A(G) is the adjacency matrix of G. By Sachs’ theorem for the coefficients of the 
characteristic polynomial 123, we know 
I(- l)r(A)2c(A) x”-~, 
A 
where A is a k-vertex subgraph of G with each component being l-regular or 
2-regular, r( A ) is the number of components in A and c( A ) is the number of cycles 
in A. 
4. The clique polynomial is defined as 
c(G, x) = 1 (- l)kc(G, k)xn-k, 
k>O 
where c(G, k) is the kth clique number of G. Note that the clique polynomial of a graph 
G is exactly the independence polynomial of the complement G of G. 
From [2,4-61, we know that the first derivatives of all these graph polynomials 
have the following expressions: 
-$(G, x) = c a(G - u, x), 
“E V(C) 
&o(G, x) = 1 w(G - u, x), 
VE V(G) 
&W, 4 = oe;G, cp(G - u> 4, 
-&c(G, x) = c c(G - u, x). 
VE V(C) 
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Although the four first derivatives obey fully analogous expressions, their proofs, 
existing in the literatures, are quite dissimilar. The purpose of this short note is to 
provide a unified approach to all these formulas and to demonstrate that they are just 
special cases of a much more general result. 
First, we introduce a general graph polynomial. 
Letf(n) be a complex-valued function defined on the set of all graphs n such that 
,4, z A, (A, is isomorphic to AZ) implies f(n,) =f(n,). Let G be a graph on 
n vertices and S(G) the set of all subgraphs of G. Define 
S,(G) = {/fI/kS(G) and II’(n)1 = k}, 
P(G, k) = c 04. 
The general graph polynomial of G is defined as 
P(G, x) = i p(G, k)xn-k. 
k=O 
Our main result is given as follows. 
Theorem. For the graph polynomial P(G, x) of G, we have 
$(P(G, x)) = c P(G - v, x). 
DE V(G) 
Proof. It is obvious that 
&P(G, x) = i (n - k)p(G, k)x(“-“-k. 
k=O 
On the other hand, define 
E(v, A) = I if ” ‘(‘) (VIE V(G), /leS(G)). 
0 if vEV(n) 
Note that, for VE V(G), 
p(G -v, k)= c f(n) = c .%W-(4. 
!;?[Z] ~~st8-3 
This implies 
&P(G - v, k) = c c @A NV) 
VE V(G) Ae&(G) 
= 
A~(G)(Y~G)~‘v’n))‘f’~) 
= Ae$cG, (n - WW 
= (n I k)p(G, k). 
(1) 
(2) 
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From (1) and (2), we have 
Remark 1. Let 
( - l)tv(n)1/2 if 4 is l-regular, 
otherwise. 
The resulting polynomial is the matching polynomial. 
Remark 2. Let 
1 
( - 1)’ ‘(‘)I 
f(A)= 0 
if n has no edges, 
otherwise. 
The resulting polynomial is the independence polynomial. 
Remark 3. Let 
I 
(- 1) 0) .2d") 
f(4 = 
0 
if all components of 4 are l- or 2-regular 
where r(n) is the number of components in /1 
and c(n) is the number of cycles in ,4, 
otherwise. 
The resulting polynomial is the characteristic polynomial. 
Remark 4. Let 
i 
(- l)l’(“)t if /i is a complete graph, 
fV)= o otherwise. 
The resulting polynomial is the clique polynomial. 
In general, let P be a graph property, such as “the graph is a path”, “the graph is 
r-regular”, etc., and letf be any complex-valued or Abelian group-valued function that 
is 0 on any graphs without property P. Then we can define many other potentially 
interesting raph polynomials [6] that obey the same first derivative expression. 
If we define 
J’(G, x, Y) = 1 PG Wyk, 
i+k=n 
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then we obtain that 
a a 
x&‘(G,x,~) + Y-$‘W,Y) 
= xi +& n ip(G, k)x’- ‘y’ + y c kp(G, k)x’f- ’ 
i+k=n 
= i +& n (i + WG kbiyk 
= d”(G, x, Y) 
and 
$(G,x,~) =ny-'P(G,x,y) - xy-’ 1 P(G - u,x,Y). 
ay VE V(G) 
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